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ON THE FLEX-LOCUS OF A SYSTEM OF PLANE 

CURVES WHOSE EQUATION IS A RATIONAL 

INTEGRAL FUNCTION OF THE COORDIN ATES 
AND ONE ARBITRARY PARAMETER. 


By M. J. M. Hill, M.A., D.Sc., Professor of Mathematics at 
University College, London. 


Let f (a, y, o) 2 0........ MU TIDE (I) 


be the equation of the system of curves, rational and integral 
with regard to.the coordinates œ, y and the parameter c. 
There is a point of inflexion on a curve of the system, 
where d’y/dx*=0. 
Using square brackets to enclose the variable with regard 
to which partial differential coefficients of f (æ, y, c) are taken, 


[2] + V] S e 0... EM I 
(2, 2) +2 [3] 2 e yo] (2) +) gm 0. (ID, 


or, substituting for dy | da from (II) in (III), 


[~, æ] [y - 2 [e y] [e] [y] + D v] [el 9 — D] 23 ԱՄ: 
Hence if 4") | da? = 0, in general 


[z, æ] [yf — 2 [e y] [x] [y] + [y y] [e] =0...(V). 
The left-hand side of (V) is the Hessian. 
Consequently let (V) be written in the form 


In (VI) Z is a function of æ, y, c. 

Let the roots of (I) considered as an equation for c be 
0,4 6, «««) 6, 
Let the result of substituting any root c, for c in 77 be 
denoted by H.. 

Let the result of eliminating c between (I) and (VI) be 
denoted by E = 0. 

Let the locus of the points of inflexion, or flex-locus, of the 
curves (I) be #=0. Let the locus of their double points be 
N=0. Let the locus of their cusps be C — 0. 


Then the object of this paper is to show that Z contains 
the factors F, N°, C*. 
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1. The differential coefficients of H as far as the third order. 


Let ð denote partial differentiation when 2, y are inde- 
pendent variables, c being expressed as a function of x, y by 
means of (I). 


OF w, a] [y] — 2 [m æ, y) [e] Ly] + Le, y, a Let 
+2 [e] [5 x] [s y] 7 [s 9T] 
օօ| [x, æ, c] [yF - 2 [x y, c] [e] [y] 17, y ello] |» 
ox | + 2 [x] {[x, e] [v y] - [vs €] [s v1] 
- 2 [y] {[z, c] [v y] — [y c] [es «]] 
i -e [w, x, w, e] [y] - 2 [z w, w, y] [e] Ly] + b m y, y] [ef 


+ 2 [a] {[a, x, €] [y y] 7 9 [95 a, y] [5 y] + 2 [e $5 y] [x 5] 
+ 2 [y] (5, x, x] [a, y] — [5 x, y] [a, x} 
+ 2 [x, æ] [e æ] [y y] - այի) 
+2 oc [a, x æ, c] [y] — 2 [x, æ, y, e] [e] [v] + [95 y, y, c] [e] 
dw | +2 [x] ([2,2, 0] [5 9] — 2 [350] [x,y] [s 6] [22] 
Էլա, y] 5 c] —[a, x, y] [y, e]} 
+2 n ([o, x, x] Ly, €] — [8 a, y] [s օի 
+ 2 [v, c] 1», x] [y y] ^ [o y1} 
1 (È ) [zs æ, e, e] [y] 7 2 [s 9,6 e] [e] [y}+[y, y, e] [e] 
ox/ | +2 [æ] y, y] [mo c] - [5 y] b 6 c] 
*2[2,0] [5,356] - 2 D c] [x, y, e] 
+2 [y] ([v, e] [y c e] 7 [5 v] es c 6) 
-2[z, e] [e y, c] +2 [yi e] [os a, օի 
+2 ([e x] [y, c - 2 (2 y] [æ e] ls e] + [yy] Los eT] 
do ( [mo,el[y] —2[e y ՄԻ Ս» y e] le 
dx" | +2 [x] ile e] [5 2] ^ Ls ed Los v1] . 
- 2 [y] {[æ, c] [e y]- Lv, ellos «ի 


In forming cS ; it is necessary only to calculate the terms 


which obviously do not vanish through containing a factor 
[æ] or [y]. 
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The terms retained will then be í | 
6 |», x] 12, x, £] Ա, y] - 2 [9 ց) 9] [e y, 9] Ls «]] 
+6 oc (ո, w, a] ([2, c] [y, y] + [y e] [o y]} 
| — [x æ, y] {8 [x, c] [25 y] + [y c] [e ]} 
+ 2[x, y, y] [a,c] [x, x] 
+ [z x, c] {2 [x, x] [y, y] — [ T] 
Հ [x,2] {[x, x] [y, y, e] -2 [x,y] [æ y c]] 
46 Է ) [a, 2, a] [y, c] — 2 [2,2 y ][, c] [y, cH, y, y] [25 c] 
` ՕԹ) | + 2 [uc] [me] [y,]- 2 L5 6] D [s s e [s ]] 
+2[a, օօ) ([$ x] [y, y] - [5 yf} 


+6 (բ | | [xx c] [y, օ/'-2|5,7:611:6)17:61-Է 17,7, c][e, i 


Oz) | + Լ», c, c] {[æ, c] [y, y] — [s c] [e 7) 
- [3 c, c] Թ, c] (»»)- 7,611») 


+ 659 Lee] lea] [yg] - [o 


622 95 (lal [ys e? — 2 [e y] [æ e s e] + Ly, y] le e 


2. To prove that at a point on the node-locus 


AS 
At a point է, 7 on the node-locus, the equations 


[x] 2 0, [y] 2 0, [c] 2 0 

hold; see a paper by the Author on the c- and p- dis- 
criminants of Ordinary Integrable Differential Equations of 
the First Order (Proceedings of the London Mathematical 
Society, Vol. XIX., ք. 562). 

Let the value of c corresponding to the curve which haa 
the node at £, » be Դ. 

Then z = £, y = ՀԳ satisfy 


եյ =0, [y]=0, [4] =0. 
Hence, they also make 


H - 0, 
oH _, 
or ) 
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OF Ջոյի» 10,159 


+42 [s d] (5091-1598 


2 (by (E 2) [y, 0} — 2 [2,9] [x c] Ly, e] + [ya] Ls ol 
But z= քյ y =n, c =y also make | 


(2 2) [5 y] Les c] 
Ly, x] [y y] [y e] 
[o 2} [o y] Lo e] 
see paper cited above, p. 563. 

‘herefore 


[e e] [y, e] - 2 [e y] Ln e] Ly, Դ Ds y] E e} 
= [o c] (Le «10 y] - Le 9T 


therefore 


OF 9 laalin sl- Ens] [Lo 1205 32; 053 (x) F 


Now to determine Տ there is the equation 


[a] + (JS =o, 


which is indeterminate since [x] = 0, [c] = 0. 
Hence, cer eid 


[2,2] 20525 «(s 3 (EY «(25 - 
But [c] 2 0, 
therefore [z, z] + 2 [2 c] ee + |6, c] (=) = 0, 
oH 


therefore p = 0. 


3. To shew that at a point on the cusp-locus 
On . Gee oH 


H=0, av -- 0) Ort zz, amo 
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At a point on the cusp-locus (see paper cited above, pages 


563, 564), 
[z, x]: [6 y] : [s €] 
=[y, 2]: [y y]: [y c] 
=[e, x] :[6 y] : L6: e]; 
wherein gb y=, omy. 


Put in the above [c, z] =o [o, c], 

[e 7] 2» [ec] 

therefore [z, x] - e* [0,0], 

[2, y] Sop [¢, c], 

[y, y]|-» [oc] 

As the cusp is a node, it is only necessary in this case to 
prove շո 0. 

On making the above substitutions in the value of i > 


Օօ oc Ofc 
the coefficients of — 3 an d as oe both vanish. 


The terms remaining i c] are 
80° (p Էշ z, 5|- 2թժ [2, z, y] + o [5 y y]) 


4 3 9 | 4p odes x, z] — 8p" [2, 2, y] - 40" [5 y, y]] 
dx | + 2թ'օ' [z, 2, c] — 4թօ' [2, y, c] + 2e* [y, y, c] ] 


| | 2թ' [z, z, x] — 4po [2 2, y] +20" Լ», y; y] 


3 , 
t Է: Ի 4p'a (x, 2, c] - 8թօ' [2, y, c] +40" [y, y, c] 


o 2 ? 
Es (2) ե EZ T; c] = 12p0 էշ Y, c] + 60 Ly, Y, 2l 
p'[z, 5, «| -2po [z, x,y] + 9 [5 9,9] | 
6" [z, 24, €] ^ 2po [, y, c] - &* [y, y, 2 


25) "n ՅԱ 
But the equation to determine m is in this case 


[s a] 2 [se] & [oe] (E) =o, 
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and this becomes 


օ + 26$ 4 (£) =o. 


oH . 
Hence às — 0 at points on the cusp-locus. 


4. To show that if F=0 be the flex-locus, E must contain 
F as a factor. 
: E-AH,H,...H, 


where A is the rationalising factor. 
If e=£&, y=7 be a point on the flex-locus, then when 
z—f,y-mthe equations 


I (2, y, c) * 0, 
H=0 


are satisfied by a common value of c. 
Hence one of the quantities H, H, ..., H, vanishes. 


therefore ; E=0. 
Hence Æ contains F as a factor. 


5. To show that if N — 0 be the node-locus, Æ contains N° 


a8 a factor. A 1 
At a point օո the node-locus, H= 0, = = 0, rs 0. 


At a point ք, y on the node-locus, the values of 2, y, c 


satisfy 
F(t, y, 6) =%% 
է») =0, 
[y] ' 0, 
[c] = 0. 
Hence (I) treated as an equation for c has equal roots: 


Suppose that when x= &, y — the roots c,, c, become equal, 
then writing Æ for brevity in the form 


E- BH,H, 


and forming all the partial differential coefficients of E with 
regard to z up to the 5th order, every term in the result must. 
contain H, or H, or a first or second differential coefficient of 
H, or H, Hence all these differential coefficients vanish. 
Hence Æ must contain N° as a factor. 
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6. To show that if C=0 be the cusp-locus, E must contain 
C" as a facter. 

If z —£, y — 9 be a point on the cusp-locus the same equas 
tions hold as in the case of the node-locus, but in addition 


og: REN h 
5,7 Vanishes. | 
Consequently if all the differential coefficients օք Æ with 
regard to z up to the 7th order be formed, every term in the 
result must contain H, or H, or a first or second or third 
differential coefficient of H, or H, Hence all these differ» 
ential coefficients of Æ must vanish. Hence Æ must contain 
C° as a factor. | 


7. Putting together the results of the last three articles it 
follows that the result of eliminating c between 


(a, J, c) =0, 
(2, z] |y] - 2 [e y] [e] ly] Լ, 2] Լո) 2 o 


contains the factors 


and 


F, N*, C. 
8. The preceding results agree with Plücker's Formula 
3n (n — 2) 2 4-68 + 8x. 


. . For every point of intersection of the curve and its Hessian, 
there is a factor in the eliminant. 
As the Hessian cuts the curve once at a point of inflexion, 
6 times at a double point, and 8 times at a cusp, the factors 
of the eliminant might be expected to be the flex-locus once, 
the node-locus 6 times, and the cusp-locus 8 times. 


Example I. 
Take the curves 
y-Cc- v= 0, 
Therefore [2] 2 — 32’, 
[y] 7 1, 
|», e] 9 — 62, 
[z, y] — 0, 
[y, y] — 0. 
Therefore — [zl [y, y] -2 [e] [y] [z, y] + [y] [z, «] 5 0 
becomes z=, 
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Hence the result of eliminating c between 
y-c—x 20, 
and z=0, 
is q 0. 


Hence z —0 is the flex-locus, and x occurs to the first power 
in the eliminant. 


Example 11. 
(r—c)-—(y-—c)20. 
Therefore [rz] 23(x — c), 
[y] 9— 1, 
[2 2] 2 6 (z - €), 
[7, y] 0, 
[y, y] 7 0. 
Hence [yf[mz] - 2 [e] [9] Ls y] € [e] [n y] 50 
becomes 6 (we —c)- 0. 
Eliminating c from 
(«- 9*— (y - 9) 0, 
and z—c=0, 


the result is x — y = 0. 
This is the flex-locus, and occurs only once. 


Example ILI 
(y- ej a(x - a) (a - 8) =0, 
4 6. (y — c)! - à? + 2" (a +b) — zab =0 ........ (D), 


Therefore [2] =— 34" + 2z (a + b) — ab, 
[y] 9 2(y—90), 

(2 æ] 2 — 6x +2 (a+), 

[z,y]= 9, 

[53]7 2; 
Therefore 17) [x, ] - 2 [«] [y] e y] |») [m 7] 2 0 
becomes 
4 (y — c)! (- 6+2 (a+b) +2 (- 32^ 2« (a+ 0) - ab] 20... (IT). 
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Now the result of eliminating c from (I) and (II) is 
[8a (x —a) (z — 5) (a +b - 82) +2 (— 32” + 22 (a +b) — ab} —0, 
4.6. [4z (s — a) (x— 6) (a +b- 32) + (32*— 22 (a +b) c ab] F = 0, 
1. e. (32* - 4 (a + D) 2° + 6aba* — ab^ = 0. 

Now this is the flex-locus, for 

y - ee [s (e - a) (s - B] 
dy AI CaL (a +b) + ab 
da [z(z— a) (y =b) jè ? 
= n: (a+b)] {z (1i a (a5) արեր) 
a (x —a)(e —6) 

_ 4a (x — a) (x - b) (84 - a — bj — (32 — 2x (a +b) + ab)’ 
H 4[z (x — a) (z — եյի | 


Henoe d o, when 
dx 


4» (a — a) (æ — b) (a+b — 82) + (32 — 22 (a + b) + ab] — 0. 


The reason why this factor occurs twice is this :— 

The curve being symmetrical with regard to the axis of 2, 
if x = E, y = n is a point of inflexion, so is z = Ẹ, y = — n. 

Now the system of curves is fórmed by shifting the curve 


y’ = « (x — a) (æ — b) 


parallel to the axis of y. | 

Hence, if z —£, 4 =n be one point of inflexion on the 
curve, then the straight line æ = ք is a part of the flex-locus. 
But it is the locus not of one point of inflexion only, but of 
two, for as the curve y' — z (x = a) (x — b) is moved parallel 
to the axis of y, two of its points of inflexion describe the 
line x = ծ. 

Example IV. 
Take the curves (y — c)! —x(#—a)’=0. 
The results may be deduced from the last example by 


putting ծ =a. 
Hence the locus to be considered is now 


(3a* — 802 + 605" - a‘)? = 0, 


1. €. (x — ay (82 + a)! 2 0. 
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In this x = a is the double point locus, hence æ — a occurs 
6 times as a factor. 

Again 3x+a=0 is the locus of the two points of 
inflexion; every point on this locus contains two points of 
inflexion. Consequently 3x + a occurs twice as a factor. 

That 3z + a = 0 is the flex-locus is seen at once, since 


y-c= a! — զոն, 
Է: 23 gut T jaz}, 
Md (32 +a) x. 
Hence d =0 when 3x+a=0. 


az’ 

Example V. 

(y-o) =s. 
This is obtained by putting a = 0 in the last result, 
The locus to be considered becomes now 

a? =0. 

Now x — 0 is the cusp-locus. 
Hence it occurs 8 times. 


Example VI. 
(c-cy-yctcz0, 
[z] = 3 (x - c) 


[y] 5 - 1 
[z, x] = 6 (x — e), 


[x,y] =9, 

[y, y] =9, 
therefore [e] [y, y] - 2 [5 y] [v] [y] + [y] [ 2] 2 0 
becomes z—c=0. 

Eliminating c from 
ze—c=0, 
“and (æ= o) -y+ =O, 

the result is a —9-0. 


Now æ’ — y —0 is the flex-locus. 
Hence it occurs only once as a factor. 
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